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QUANTUM DEFORMATIONS OF SCHWARZSCHILD AND
SCHWARZSCHILD-DE SITTER SPACETIMES
DING WANG, R. B. ZHANG, AND XIAO ZHANG
Abstract. A quantum Schwarzschild spacetime and a quantum Schwarzschild-de Sitter
spacetime with cosmological constant Λ are constructed within the framework of a non-
commutative Riemannian geometry developed in an earlier publication. The metrics and
curvatures of the quantum Schwarzschild spacetime and the quantum Schwarzschild-de
Sitter spacetime are computed. It is shown that up to the second order in the defor-
mation parameter, the quantum spacetimes are solutions of a noncommutative Einstein
equation.
1. Introduction
There have been intensive activities studying noncommutative analogues of general rel-
ativity. The studies are largely motivated by the widely held belief that the usual notion
of spacetime as a pseudo-Riemannian manifold needs to be modified at the Planck scale.
Indeed it was demonstrated in [1] that at the Planck scale, the coordinates describing
spacetime points satisfied certain nontrivial commutation relations analogous to those ap-
pearing in quantum mechanics. This suggests the relevance of noncommutative geometry
to Planck scale physics.
A large volume of work has been done on noncommutative analogues of black holes
[2, 3, 4, 5] by using a variety of physically motivated methods and incorporating different
physical intuitions. The papers in [3] assumed a Gaussian distribution for matter in
Einstein gravity and analyzed the integrated effect of noncommutativity as corrections
to the classical Schwarzschild black hole. Analysis in a similar vein was carried out in
[4]. In [5], Chaichian and collaborators investigated corrections to physical quantities
of black holes arising from the noncommutativity of spacetime itself by using a gauge
theoretical formulation. General relativity on a noncommutative spacetime is regarded
in [5] as a nonconmmutative gauge theory of a deformed Lorentzian algebra analogous to
the classical picture of Utiyama and Kibble. A methodology akin to this is also adopted
in [6, 8, 7]. Particularly noteworthy is the study in [8], which showed that a deformation
of general relativity arising from [7] differed qualitatively from the low energy limit of
string theory. Very recently, Buric and Madore in [11] (see also [10]) explored a possible
moving frame formalism for a noncommutative geometry on the Moyal space as the first
step toward setting up a framework for studying Schwarzschild or Schwarzschild Sitter
black holes.
In [9] a theory of noncommutative Riemannian geometry over the Moyal algebra was
developed by studying noncommutative surfaces embedded in higher dimensions. This
theory makes use of Nash’s isometric embedding theorem [14] and its generalisations [15].
It retains key notions of usual Riemannian geometry, such as the metric and curvature,
which are essential for describing gravity. Other features of the theory of [9] are its
simplicity and transparent consistency, which render the theory particularly amenable to
explicit computations. As we shall see in this paper, computations within the theory are
no more difficult than that in usual Riemannian geometry. Furthermore, it is possible to
apply the formalism of [9] to obtain a theory of κ-deformed [12] noncommutative geometry.
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The κ-deformed spacetimes (see [13] for references) are another class of noncommutative
spacetimes much studied in the literature.
The present paper applies the theory of noncommutative Riemannian geometry devel-
oped in [9] to investigate quantum aspects of gravity from a mathematical point of view.
Specifically, we construct quantum deformations of the Schwarzschild spacetime and the
Schwarzschild-de Sitter spacetime in the framework of [9] and investigate the physical prop-
erties of such noncommutative spacetimes. The key results on the quantum Schwarzschild
spacetime are equations (3.6) and (3.8), which respectively give the metric and the Ricci
curvature. The metric and the Ricci curvature of the quantum Schwarzschild-de Sitter
spacetime are respectively given by equations (4.2) and (4.3). The Hawking temperature
and entropy of the quantum Schwarzschild black hole are investigated, and a quantum
correction to the entropy-area law is observed (see (3.7)).
The noncommutative analogue of the Einstein equation in the vacuum proposed in [9] is
generalised to include matter (equation (2.13)). We show that the quantum Schwarzschild
spacetime and quantum Schwarzschild-de Sitter spacetime are solutions of (2.13) in the
vacuum exact to the first order in the deformation parameter. However, higher order
terms appear to require matters sources. It will be interesting to investigate the physical
origin and implications of the source terms.
The organisation of the paper is as follows. In Section 2, we briefly review the non-
commutative Riemannian geometry developed in Ref. [9] in the light of Nash’s iso-
metric embedding theorem [14] and its generalisation to pesudo-Riemannian manifolds
[15]. In Section 3, we present two constructions of a quantum Schwarzschild spacetime
and study its noncommutative geometry. The Hawking temperature and entropy of the
quantum Schwarzschild black hole are also analyzed. Section 4 constructs the quantum
Schwarzschild-de Sitter spacetime and studies its noncommutative geometry. Section 5
concludes the paper with some brief comments on the results obtained.
2. Local quantum deformation of spacetimes
Let (N1,n−1, g) be an n-dimensional Lorentzian manifold whose metric g has signature
(−1, 1, · · · , 1). By results of [15], which extends Nash’s isometric embedding to pesudo-
Riemannian manifolds, there exist positive integers p, q and a set of smooth function
X1, · · · ,Xp,Xp+1, · · · ,Xp+q on N1,n−1 such that
g = −
(
dX1
)2
− · · · −
(
dXp
)2
+
(
dXp+1
)2
+ · · ·+
(
dXp+q
)2
.(2.1)
Let U be a coordinate chart of N1,n−1 with natural coordinates {x0, x1, · · · , xn}. Fol-
lowing the mathematical convention, we allow the possibility that some of the coordinates
are dimensionless instead of having the dimension of length or time. Let h¯ be a real inde-
terminate, and denote by R[[h¯]] the ring of formal power series in h¯. Here h¯ is taken to be
dimensionless. Physically one may regard h¯ as the ratio of the standard model mass scale
and the Planck mass. Let A be the set of formal power series in h¯ with coefficients being
real smooth functions on U . Namely, every element of A is of the form
∑
i≥0 fih¯
i where
fi are smooth functions on U . Then A is an R[[h¯]]-module in the obvious way.
Given any two smooth functions u and v on N1,n−1, we denote by uv the usual point-
wise product of the two functions. We also define their star-product (or more precisely,
Moyal product) u ∗ v on U by
(u ∗ v)(x) = lim
x′→x
exp

h¯∑
ij
θij∂i∂
′
j

u(x)v(x′),(2.2)
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where ∂i =
∂
∂i
, and (θij) is a constant skew symmetric n × n matrix. In order for the
exponential to be dimensional less, the components θij of the matrix may need to have
different dimensions. It is well known that such a multiplication is associative. Since θ is
constant, the Leibniz rule remains valid in the present case:
∂i(u ∗ v) = ∂iu ∗ v + u ∗ ∂iv.
For positive integer m = p+ q, we define a dot-product
• : Am ⊗
R[[h¯]] A
m −→ Am(2.3)
over U by
A •B = −
p∑
i=1
ai ∗ bi +
p+q∑
j=p+1
ai ∗ bi
for all A = (a1, . . . , am) and B = (b1, . . . , bm) in A
m. The dot-product is a map of
two-sided A-modules.
For a given X ∈ Am, we let Ei = ∂iX, and define
gij = Ei • Ej.
Denote by g = (gij) the n× n matrix with entries gij ∈ A. If g mod h¯ is invertible over
U , we shall call g the local quantum deformation of spacetime metric g over U .
The discussion on the metric in [9] carries over to the present situation; in particular,
the invertibility of g mod h¯ implies that there exists a unique inverse (gij) such that
gij ∗ g
jk = gkj ∗ gji = δ
k
i .
Now as in [9], we define the left tangent bundle TX (respectively right tangent bundle T˜X)
of the local noncommutative spacetime (U,g) as the left (respectively right) A-submodule
of Am generated by the elements Ei. The fact that the metric g belongs to GLn(A)
enables us to show that the left and right tangent bundles are projective A-modules. Let
Ei = gij ∗ Ej , E˜
i = Ej ∗ g
ji,
which belong to TX and T˜X respectively. Then the metric gives rise to a A-bimodule
map g : TX ⊗
R[[h¯]] T˜X −→ A with the property
g(Ei, Ej) = gij , g(E
i, E˜j) = gij ,
g(Ei, Ej) = δ
i
j = g(Ej , E˜
i).
The connection ∇i on the left tangent bundle will be defined in the same way as [9],
namely, by the composition of the derivative ∂i with the projection from the free left A-
module Am onto the left tangent bundle. The connection ∇˜i on the right tangent bundle
is defined similarly. In order to describe the connections more explicitly, we note that
there exist Γkij and Γ˜
k
ij in A such that
∇iEj = Γ
k
ij ∗ Ek, ∇˜iEj = Ek ∗ Γ˜
k
ij .(2.4)
Because the metric is invertible, the elements Γkij and Γ˜
k
ij are uniquely defined by equation
(2.4). We have
Γkij = ∂iEj • E˜
k Γ˜kij = E
k • ∂iEj.(2.5)
It is evident that Γkij and Γ˜
k
ij are symmetric in the indices i and j. The following closely
related objects will also be useful later:
Γijk = ∂iEj • Ek, Γ˜ijk = Ek • ∂iEj .
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In contrast to the commutative case, Γkij and Γ˜
k
ij do not coincide in general. We have
Γkij = cΓijl ∗ g
lk +Υijl ∗ g
lk, Γ˜kij = g
kl ∗ cΓijl − g
kl ∗Υijl,
where
cΓijl =
1
2
(∂igjl + ∂jgli − ∂lgji) ,
Υijl =
1
2
(∂iEj •El − El • ∂iEj) .
Therefore the left and right connections involve two parts. The part cΓijl depends on
the metric only, while the noncommutative torsion Υijl embodies extra information. In
the present case, the noncommutative torsion depends explicitly on the embedding. In
the classical limit with h¯ = 0, Υkij vanishes and both Γ
k
ij and Γ˜
k
ij reduce to the standard
Levi-Civita connection.
The connections are metric compatible in the following sense [9, Proposition 2.7]
∂ig(Z, Z˜) = g(∇iZ, Z˜) + g(Z, ∇˜iZ˜), ∀Z ∈ TX, Z˜ ∈ T˜X.(2.6)
This is equivalent to the fact that
∂igjk − Γijk − Γ˜ikj = 0.(2.7)
In contrast to the commutative case, equation (2.7) by itself is not sufficient to uniquely
determine the connections Γijk and Γ˜ijk; the noncommutative torsion needs to be specified
independently.
Let [∇i,∇j ] := ∇i∇j−∇j∇i and [∇˜i, ∇˜j ] := ∇˜i∇˜j−∇˜j∇˜i. Straightforward calculations
show that for all f ∈ A,
[∇i,∇j ](f ∗ Z) = f ∗ [∇i,∇j ]Z, Z ∈ TX,
[∇˜i, ∇˜j ](W ∗ f) = [∇˜i, ∇˜j ]W ∗ f, W ∈ T˜X.
Clearly the right-hand side of the first equation belongs to TX, while that of the second
equation belongs to T˜X. Thus The maps [∇i,∇j] and [∇˜i, ∇˜j ] are left and right A-module
homomorphisms respectively. So we can always write
[∇i,∇j]Ek = R
l
kij ∗ El, [∇˜i, ∇˜j ]Ek = El ∗ R˜
l
kij(2.8)
for some Rlkij, R˜
l
kij ∈ A. We refer to R
l
kij and R˜
l
kij respectively as the Riemann curvatures
of the left and right tangent bundles of the noncommutative spacetime (U,g). We have
Rlkij = −∂jΓ
l
ik − Γ
p
ik ∗ Γ
l
jp + ∂iΓ
l
jk + Γ
p
jk ∗ Γ
l
ip,
R˜lkij = −∂jΓ˜
l
ik − Γ˜
l
jp ∗ Γ˜
p
ik + ∂iΓ˜
l
jk + Γ˜
l
ip ∗ Γ˜
p
jk.
Let us define
Rlkij = R
p
kij ∗ gpl, R˜lkij = −gkp ∗ R˜
p
lij .
Then these Riemannian curvatures of the left and right tangent bundles coincide [9, Lemma
2.12]
Rklij = R˜klij.
Therefore we only need to study the Riemannian curvature on one of the tangent bundles.
Another important property of the Riemannian curvature is that it satisfies the non-
commutative analogues of the first and second Bianchi identities [9, Theorem 4.3]. Note
also that Rklij = −Rklji, but there is no simple rule to relate Rlkij to Rklij in contrast to
the commutative case.
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Let
Rij = R
p
ipj, R = g
ji ∗Rij ,(2.9)
and call them the Ricci curvature and scalar curvature respectively. Let
Rij = g
ik ∗Rkj,(2.10)
then the scalar curvature is R = Rii. Let us also introduce the following object
Θlp := g
ik ∗Rlkpi,(2.11)
which we will refer to as the Θ-curvature. In the commutative case, Θlp coincides with R
l
p,
but it is no longer true in the present setting. However, note that
Θii = g
ik ∗Rlkli = g
ik ∗Rki = R.(2.12)
Analysis of the noncommutative second Bianchi identity in [9, §4.B] showed that Rij +
Θij−δ
i
jR was an analogue of the usual Einstein tensor (more precisely, 2 times the Einstein
tensor) in the case of vanishing cosmological constant. Based on the analysis, a noncom-
mutative Einstein equation in the vacuum without cosmological constant was proposed in
[9, §4.C].
In view of [9, §4.B], the following appears to be a reasonable proposal for a noncommu-
tative Einstein equation over U ,
Rij +Θ
i
j − δ
i
jR+ 2δ
i
jΛ = 2T
i
j ,(2.13)
where T ij is some generalized “energy-momentum tensor”, and Λ is the cosmological con-
stant. This reduces to the vacuum equation suggested in [9] when T ij = 0 and the cos-
mological constant vanishes. We hope to provide a mathematical justification for this
proposal in future work, where the defining properties of T ij will also be specified.
In the commutative limit, we recover the usual Einstein equation from equation (2.13).
However, it is yet to be seen whether the equation in the noncommutative setting correctly
describes physics.
We shall test aspects of the validity of the noncommutative Einstein equation by ex-
amining whether it is possible to find solutions of the equation, which may be considered
as noncommutative analogues of physically important spacetimes in the commutative set-
ting, for example, the Schwarzschild spacetime and Schwarzschild-de Sitter spacetime. As
we shall see presently, this is indeed possible.
3. Quantum deformation of the Schwarzschild spacetime
In this section, we investigate noncommutative analogues of the Schwarzschild spacetime
using the general theory discussed in the previous section. Recall that the Schwarzschild
spacetime has the following metric
g = −
(
1−
2m
r
)
dt2 +
(
1−
2m
r
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
(3.1)
wherem = 2GM
c2
is constant, withM interpreted as the total mass of the spacetime. In the
formula for m, G is the Newton constant, and c is the speed of light. The Schwarzschild
spacetime can be embedded into a flat space of 6-dimensions in the following two ways
[17, 16]:
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(i). Kasner’s embedding:
X1 =
(
1−
2m
r
) 1
2
sin t,
X2 =
(
1−
2m
r
) 1
2
cos t,
X3 = f(r), (f ′)2 + 1 =
(
1−
2m
r
)−1(
1 +
m2
r4
)
,
X4 = r sin θ cosφ,
X5 = r sin θ sinφ,
X6 = r cos θ,
with the Schwarzschild metric given by
g = −
(
dX1
)2
−
(
dX2
)2
+
(
dX3
)2
+
(
dX4
)2
+
(
dX5
)2
+
(
dX6
)2
(ii). Fronsdal’s embedding:
Y 1 =
(
1−
2m
r
) 1
2
sinh t,
Y 2 =
(
1−
2m
r
) 1
2
cosh t,
Y 3 = f(r), (f ′)2 + 1 =
(
1−
2m
r
)−1(
1−
m2
r4
)
,
Y 4 = r sin θ cosφ,
Y 5 = r sin θ sinφ,
Y 6 = r cos θ,
with the Schwarzschild metric given by
g = −
(
dY 1
)2
+
(
dY 2
)2
+
(
dY 3
)2
+
(
dY 4
)2
+
(
dY 5
)2
+
(
dY 6
)2
.
Let us now construct a noncommutative analogue of the Schwarzschild spacetime. De-
note x0 = t, x1 = r, x2 = θ and x3 = φ. We deform the algebra of functions in these
variables by imposing on it the Moyal product defined by (2.2) with the following anti-
symmetric matrix
(θµν)
3
µ,ν=0 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 .(3.2)
Denote the resultant noncommutative algebra by A. Note that in the present case that
the nonzero components of the matrix (θµν) are dimensionless.
Now we regard the functions Xi, Y i (1 ≤ i ≤ 6) appearing in both Kasner’s and
Fronsdal’s embeddings as elements of A. For µ = 0, 1, 2, 3, and i = 1, 2, . . . , 6, let
Eiµ =
∂Xi
∂xµ
, for Kasner’s embedding,
Eiµ =
∂Y i
∂xµ
, for Fronsdal’s embedding.
(3.3)
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Following the general theory of the last section, we define the metric and noncommutative
torsion for the noncommutative Schwarzschild spacetime by,
(1). in the case of Kasner’s embedding
gµν =− E
1
µ ∗ E
1
ν − E
2
µ ∗E
2
ν +
6∑
j=3
Ejµ ∗E
j
ν ,
Υµνρ =
1
2

−∂µE1ν ∗E1ρ − ∂µE2ν ∗ E2ρ +
6∑
j=3
∂µE
j
ν ∗E
j
ρ


+
1
2

−E1ρ ∗ ∂µE1ν −E2ρ ∗ ∂µE2ν +
6∑
j=3
Ejρ ∗ ∂µE
j
ν

 ;
(3.4)
(2). in the case of Fronsdal’s embedding
gµν =− E
1
µ ∗ E
1
ν +
6∑
j=2
Ejµ ∗E
j
ν ,
Υµνρ =
1
2

−∂µE1ν ∗ E1ρ +
6∑
j=2
∂µE
j
ν ∗ E
j
ρ


+
1
2

−E1ρ ∗ ∂µE1ν +
6∑
j=2
Ejρ ∗ ∂µE
j
ν

 .
(3.5)
Some lengthy but straightforward calculations show that the metrics and the noncom-
mutative torsions are respectively equal in the two cases. Since the noncommutative
torsion will not be used in later discussions, we shall not spell it out explicitly. How-
ever, we record the metric g = (gµν) of the quantum deformation of the Schwarzschild
spacetime below:
g00 =−
(
1−
2m
r
)
,
g01 =g10 = g02 = g20 = g03 = g30 = 0,
g11 =
(
1−
2m
r
)−1 [
1 +
(
1−
2m
r
)(
sin2 θ − cos2 θ
)
sinh2 h¯
]
,
g12 =g21 = 2r sin θ cos θ sinh
2 h¯,
g13 =− g31 = −2r sin θ cos θ sinh h¯ cosh h¯,
g22 =r
2
[
1−
(
sin2 θ − cos2 θ
)
sinh2 h¯
]
,
g23 =− g32 = r
2
(
sin2 θ − cos2 θ
)
sinh h¯ cosh h¯,
g33 =r
2
[
sin2 θ +
(
sin2 θ − cos2 θ
)
sinh2 h¯
]
.
(3.6)
It is interesting to observe that the quantum deformation of the Schwarzschild metric
(3.6) still has a black hole with the event horizon at r = 2m. The Hawking temperature
and entropy of the black hole are respectively given by
T =
1
2
dg00
dr
∣∣∣
r=2m
=
1
4m
, Sbh = 4pim
2.
They coincide with the temperature and entropy of the classical Schwarzschild black hole of
massM . However, the area of the event horizon of the noncommutative black hole receives
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corrections from the quantum deformation of the spacetime. Let g¯ =
(
g22 g23
g32 g33
)
. We
have
A =
∫∫
{r=2m}
√
det g¯ dθdφ
=
∫∫
{r=2m}
r2 sin θ
√
1 +
(
sin2 θ − cos2 θ
)
sinh2 h¯dθdφ
=16pim2
(
1−
h¯2
6
+O(h¯4)
)
.
This leads to the following relationship between the horizon area and entropy of the
noncommutative black hole:
Sbh =
A
4
(
1 +
h¯2
6
+O(h¯4)
)
.(3.7)
Let us now consider the Ricci and Θ-curvature of the deformed Schwarzschild metric.
We have
R10 =R
2
0 = R
3
0 = R
0
1 = R
0
2 = R
0
3 = 0,
Θ10 =Θ
2
0 = Θ
3
0 = Θ
0
1 = Θ
0
2 = Θ
0
3 = 0,
R00 =Θ
0
0 = −
m [2m+ 3r + 3 (m+ r) cos 2θ]
r4
h¯2 +O(h¯4),
R11 =Θ
1
1 =
m [−14m+ 3r + (−11m+ r) cos 2θ]
r4
h¯2 +O(h¯4),
R21 =Θ
2
1 =
2m cos2 θ cot θ
r4
h¯2 +O(h¯4),
R31 =−Θ
3
1 =
2m cot θ
r4
h¯+O(h¯3),
R12 =Θ
1
2 =
5m (−2m+ r) sin 2θ
r3
h¯2 +O(h¯4),
R22 =Θ
2
2 =
m [4 (m+ r) + (6m+ 5r) cos 2θ]
r4
h¯2 +O(h¯4),
R32 =−Θ
3
2 =
4m
r3
h¯+O(h¯3),
R13 =−Θ
1
3 =
m (2m− r) sin 2θ
r3
h¯+O(h¯3).
R23 =−Θ
2
3 =
4m cos2 θ
r3
h¯+O(h¯3).
R33 =Θ
3
3 =
m [−8m+ 8r + (−6m+ 9r) cos 2θ]
r4
h¯2 +O(h¯4).
(3.8)
Note that Rii = Θ
i
i for all i, and R
j
i = −Θ
j
i if i 6= j. Let us write
Rij = R
i
j (0)
+ h¯Rij(1) + h¯
2Rij(2) + . . . ,
Θij = Θ
i
j (0)
+ h¯Θij (1) + h¯
2Θij(2) + . . . .
(3.9)
Then the formulae for Rij and Θ
i
j show that
Rij(0) = Θ
i
j(0)
, Rij(1) = −Θ
i
j(1)
, Rij (2) = Θ
i
j (2)
.
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Naively generalizing the Einstein tensor Rij −
1
2δ
i
jR to the noncommutative setting, one
ends up with a quantity that does not vanish at order h¯, as can be easily shown using the
above results. However,
Rij +Θ
i
j − δ
i
jR = 0 +O(h¯
2).
This indicates that the proposed noncommutative Einstein equation (2.13) captures some
essence of the underlying symmetries in the noncommutative world.
Now the deformed Schwarzschild metric (3.6) satisfies the vacuum noncommutative
Einstein equation (2.13) with T ij = 0 and Λ = 0 to first order in the deformation parameter.
However, if we take into account higher order corrections in h¯, the deformed Schwarzschild
metric no longer satisfies the noncommutative Einstein equation in the vacuum. Instead,
Rij +Θ
i
j − δ
i
jR = T
i
j with T
i
j being of order O(h¯
2) and given by
T 10 =T
2
0 = T
3
0 = T
0
1 = T
0
2 = T
0
3 = T
1
3 = T
2
3 = T
3
1 = T
3
2 = 0,
T 00 =
m [8m− 9r + (4m− 9r) cos 2θ]
r4
h¯2 +O(h¯4),
T 11 =
−m [4m+ 3r + (4m+ 5r) cos 2θ]
r4
h¯2 +O(h¯4),
T 21 =
2m cos2 θ cot θ
r4
h¯2 +O(h¯4),
T 12 =
5m (−2m+ r) sin 2θ
r3
h¯2 +O(h¯4),
T 22 =
m [14m− 2r + (13m− r) cos 2θ]
r4
h¯2 +O(h¯4),
T 33 =
m [2 (m+ r) + (m+ 3r) cos 2θ]
r4
h¯2 +O(h¯4).
(3.10)
A possible physical interpretation of the results is the following. We regard the h¯
and higher order terms in the metric gij and associated curvature Rijkl as arising from
quantum effects of gravity. Then the T ji obtained in (3.10) should be interpreted as
quantum corrections to the classical Einstein tensor.
4. Quantum deformation of the Schwarzschild-de Sitter spacetime
In this section, we investigate a noncommutative analogue of the Schwarzschild-de Sitter
spacetime. Since the analysis is parallel to that on the quantum Schwarzschild spacetime,
we shall only present the pertinent results.
Recall that the Schwarzschild-de Sitter spacetime has the following metric
g = −
(
1−
r2
l2
−
2m
r
)
dt2 +
(
1−
r2
l2
−
2m
r
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
(4.1)
where 3
l2
= Λ > 0 is the cosmological constant, and m is related to the total mass of the
spacetime through the same formula as in the Schwarzschild case. This spacetime can be
embedded into a flat space of 6-dimensions in two different ways.
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(i). Generalized Kasner embedding:
X1 =
(
1−
r2
l2
−
2m
r
) 1
2
sin t,
X2 =
(
1−
r2
l2
−
2m
r
) 1
2
cos t,
X3 = f(r), (f ′)2 + 1 =
(
1−
r2
l2
−
2m
r
)−1 [
1 +
(m
r2
−
r
l2
)2]
,
X4 = r sin θ cosφ,
X5 = r sin θ sinφ,
X6 = r cos θ,
with the Schwarzschild-de Sitter metric given by
g = −
(
dX1
)2
−
(
dX2
)2
+
(
dX3
)2
+
(
dX4
)2
+
(
dX5
)2
+
(
dX6
)2
(ii). Generalized Fronsdal embedding:
Y 1 =
(
1−
r2
l2
−
2m
r
) 1
2
sinh t,
Y 2 =
(
1−
r2
l2
−
2m
r
) 1
2
cosh t,
Y 3 = f(r), (f ′)2 + 1 =
(
1−
r2
l2
−
2m
r
)−1 [
1−
(m
r2
−
r
l2
)2]
,
Y 4 = r sin θ cosφ,
Y 5 = r sin θ sinφ,
Y 6 = r cos θ,
with the Schwarzschild-de Sitter metric given by
g = −
(
dY 1
)2
+
(
dY 2
)2
+
(
dY 3
)2
+
(
dY 4
)2
+
(
dY 5
)2
+
(
dY 6
)2
.
Let us now construct a noncommutative analogue of the Schwarzschild-de Sitter space-
time. Denote x0 = t, x1 = r, x2 = θ and x3 = φ. We deform the algebra of functions
in these variables by imposing on it the Moyal product defined by (2.2) with the anti-
symmetric matrix (3.2). Denote the resultant noncommutative algebra by A.
Now we regard the functions Xi, Y i (1 ≤ i ≤ 6) appearing in both the generalized
Kasner embedding and the generalized Fronsdal embedding as elements of A. Let Eiµ
(µ = 0, 1, 2, 3, and i = 1, 2, . . . , 6) be defined by (3.3) but for the generalized Kasner
and Fronsdal embeddings respectively. We also define the metric and noncommutative
torsion for the noncommutative Schwarzschild-de Sitter spacetime by equations (3.4) and
(3.5) for the generalized Kasner and Fronsdal embeddings respectively. As in the case
of the noncommutative Schwarzschild spacetime, we can show that the metrics and the
noncommutative torsions are respectively equal for the two embeddings. We record the
metric g = (gµν) of the quantum deformation of the Schwarzschild-de Sitter spacetime
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below:
g00 =−
(
1−
r2
l2
−
2m
r
)
,
g01 =g10 = g02 = g20 = g03 = g30 = 0,
g11 =
(
1−
r2
l2
−
2m
r
)−1 [
1 +
(
1−
r2
l2
−
2m
r
)(
sin2 θ − cos2 θ
)
sinh2 h¯
]
,
g12 =g21 = 2r sin θ cos θ sinh
2 h¯,
g13 =− g31 = −2r sin θ cos θ sinh h¯ cosh h¯,
g22 =r
2
[
1−
(
sin2 θ − cos2 θ
)
sinh2 h¯
]
,
g23 =− g32 = r
2
(
sin2 θ − cos2 θ
)
sinh h¯ cosh h¯,
g33 =r
2
[
sin2 θ +
(
sin2 θ − cos2 θ
)
sinh2 h¯
]
.
(4.2)
Let us now consider the Ricci curvature and the Θ-curvature of the deformed Schwarzschild
metric. We have
R10 =R
2
0 = R
3
0 = R
0
1 = R
0
2 = R
0
3 = 0,
Θ10 =Θ
2
0 = Θ
3
0 = Θ
0
1 = Θ
0
2 = Θ
0
3 = 0,
R00 =Θ
0
0 =
3
l2
+
[
l2 (10m− 3r) r3 + 10r6 − l4m (2m+ 3r)
− 3
{
−2l2mr3 − 2r6 + l4m (m+ r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4),
R11 =Θ
1
1 =
3
l2
+
[
l2 (16m− 9r) r3 + 16r6 + l4m (−14m+ 3r)
+
{
2l2 (5m− 2r) r3 + 10r6 + l4m (−11m+ r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4),
R21 =Θ
2
1 =
2
(
l2m− 4r3
)
cos2 θ cot θ
l2r4
h¯2 +O(h¯4),
R31 =−Θ
3
1 =
2
(
l2m− 4r3
)
cot θ
l2r4
h¯+O(h¯3),
R12 =Θ
1
2 = −
[
l2 (2m− r) + r3
] (
5l2m+ 4r3
)
sin 2θ
l4r3
h¯2 +O(h¯4),
R22 =Θ
2
2 =
3
l2
+
[
l2 (22m− r) r3 + 10r6 + 4l4m (m+ r)
+
{
6r6 + l2r3 (15m+ 4r) + l4m (6m+ 5r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4),
R32 =−Θ
3
2 =
(
8
l2
+
4m
r3
)
h¯+O(h¯3),
R13 =−Θ
1
3 =
(
l2m− 4r3
) [
l2 (2m− r) + r3
]
sin 2θ
l4r3
h¯+O(h¯3),
R23 =−Θ
2
3 = 4
(
2
l2
+
m
r3
)
cos2 θh¯+O(h¯3),
R33 =Θ
3
3 =
3
l2
+
[
− 8l4m (m− r) + l2 (28m− 5r) r3 + 16r6
+ 3
{
7l2mr3 + 4r6 + l4m (−2m+ 3r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4).
(4.3)
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Note that if we expand Rji and Θ
j
i into power series in h¯ in the form (3.9), we again have
Rij(0) = Θ
i
j(0)
, Rij(1) = −Θ
i
j(1)
, Rij (2) = Θ
i
j (2)
.
By using the above results one can easily show that the deformed Schwarzschild-de
Sitter metric (4.2) satisfies the vacuum noncommutative Einstein equation (2.13) (with
T ij = 0) to first order in the deformation parameter:
Rij +Θ
i
j − δ
i
jR+ δ
i
j
6
l2
= 0 +O(h¯2).
Further analysing the deformed Schwarzschild-de Sitter metric, we note that Rij +Θ
i
j −
δijR+ δ
i
j
6
l2
= T ij with T
i
j being of order O(h¯
2) and given by
T 10 =T
2
0 = T
3
0 = T
0
1 = T
0
2 = T
0
3 = T
1
3 = T
2
3 = T
3
1 = T
3
2 = 0,
T 00 =−
[
2l2 (14m− 3r) r3 + 16r6 + l4m (−8m+ 9r)
+
{
20l2mr3 + 11r6 + l4m (−4m+ 9r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4),
T 11 =−
[
22l2mr3 + 10r6 + l4m (4m+ 3r)
+
{
7r6 + 4l2r3 (4m+ r) + l4m (4m+ 5r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4),
T 21 =
2
(
l2m− 4r3
)
cos2 θ cot θ
l2r4
h¯2 +O(h¯4),
T 12 =−
[
l2 (2m− r) + r3
] (
5l2m+ 4r3
)
sin 2θ
l4r3
h¯2 +O(h¯4),
T 22 =−
[
2
{
4l2 (2m− r) r3 + 8r6 + l4m (−7m+ r)
}
+
{
l2 (11m− 4r) r3 + 11r6 + l4m (−13m+ r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4),
T 33 =
[
2
{
−5r6 + l4m (m+ r) + l2r3 (−5m+ 2r)
}
+
{
−5l2mr3 − 5r6 + l4m (m+ 3r)
}
cos 2θ
] h¯2
l4r4
+O(h¯4).
Similar to the case of the quantum Schwarzschild spacetime, one may regard this as
quantum corrections to the Einstein tensor.
5. Conclusion
Working within the framework of the noncommutative Riemannian geometry of [9],
we have obtained in this paper quantum analogues of the Schwarzschild spacetime and
Schwarzschild-de Sitter spacetime, and studied their noncommutative geometries. The
quantum Schwarzschild spacetime has been constructed in two ways, respectively mim-
icking the Kasner and Fronsdal embeddings of the classical Schwarzschild spacetime in
6-dimensions. The metrics and curvatures of the resultant quantum spacetimes coincide,
and are shown to be solutions of a noncommutative analogue of the Einstein equation in
the vacuum exact to the first order in the deformation parameter. The Hawking tem-
perature and entropy of the quantum Schwarzschild black hole have been computed and
shown to coincide with the usual quantities. However, the area of the horizon has received
quantum corrections, and this in turn leads to a modification of the entropy-area law. We
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have also constructed the quantum Schwarzschild-de Sitter spacetime using two embed-
dings, and shown that to the first order in the deformation parameter, the spacetime is a
solution of the vacuum noncommutative Einstein equation with a cosmological constant.
Quantum deformations of the plane-fronted waves and other spacetimes will be studied
in a forthcoming paper [18].
Works on noncommutative relativity and black holes reported in the literature are
largely based on physical intuitions. A fundamental theory is much desired for developing
the subject to a higher level of sophistication. We hope that future work will develop the
theory of [9] into a coherent mathematical framework for noncommutative gravity.
Two problems deserve particular attention. One is a possible first principle derivation of
the noncommutative Einstein equation (2.13) (e.g., based on an action principle), the other
is the understanding of the symmetries governing (2.13). The latter problem is closely
related to the study of a noncommutative analogue of the “diffeomorphism group”. In
[9, §V], we introduced noncommutative general coordinate transformations and obtained
the transformation rules of the metric, Riemannian curvature tensor and other quantities
under such transformations. While the material of [9, §V] is well adapted to studying
symmetries of equation (2.13), the approach of [7] based on deforming the Hopf algebraic
structure of differential operators will also be worth investigating. We will return to the
issues alluded to here in future publications.
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